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The nonclassicality of single photon-added thermal states in the thermal channel is investigated
by exploring the volume of the negative part of the Wigner function. The Wigner functions become
positive when the decay time exceeds a threshold value γtc, which only depends on the effective tem-
perature or mean thermal photon number of the thermal channel, but not depends on the effective
temperature of the initial thermal state. This phenomenon is similar with the case of single quantum
excitation of classical coherent states in thermal channel. Furthermore, we firstly demonstrate γtc
is the same for arbitrary pure or mixed nonclassical optical fields with zero population in vacuum
state.
PACS numbers: 42.50.Dv, 03.65.Yz, 05.40.Ca
The preparations of nonclassical non-gaussian optical
fields have attracted much attention, which have many
applications in quantum information processing [1]. Usu-
ally, the nonclassicality manifests itself in specific prop-
erties of quantum statistics [2, 3, 4, 5], in which the par-
tial negative Wigner distribution [5] is indeed a good
indication of the highly nonclassical character of the
optical fields. Reconstruction of the Wigner distribu-
tion in experiments with quantum tomography [6, 7, 8]
have demonstrated the appearance of the negative val-
ues, which does not have any classical counterparts. A
variety of nonclassical states has recently been character-
ized by means of the negativity of their Wigner function
[9, 10, 11, 12, 13], which is a sufficient and not necessary
condition for nonclassicality [14].
The photon-added thermal states (PATSs) were intro-
duced by Agarwal and Tara [15], which do not exhibit
squeezing, sub-Poissonian statistics, and any coherence.
The single photon-added thermal state (SPATS) has been
experimentally prepared by Zavatta et al. and its non-
classical properties have been detected by homodyne to-
mography technology [16]. For the SPATSs, their non-
classical properties have been investigated by several au-
thors [15, 16, 17, 18]. Furthermore, Parigi et al. have
experimentally investigated quantum commutation rules
by addition and subtraction of single photons to or from
a light field initially in the thermal state [19]. Ordinarily,
the interaction between the nonclassical optical fields and
their surrounding thermal environment may deteriorate
the degree of nonclassicality. Thus, to study the dynam-
ical behaviors of the partial negativity of Wigner distri-
bution and understand how long a nonclassical field pre-
serves its partial negative Wigner distribution in thermal
channel may be very desirable for experimentally quanti-
fying the variation of nonclassicality. Here, the nonclas-
sicality of photon-added thermal states in the thermal
channel is investigated by exploring the partial negative
Wigner distribution. The exact expression of the time
evolution Wigner function is given out and the dynam-
ical behavior of the volume of the negative part of the
Wigner function is analytically derived. The threshold
values γt of the decay time corresponding to the tran-
sition of the Wigner distribution from partial negative
to completely positive are derived. For SPATSs in ther-
mal channel, it is shown that the threshold value of the
decay time is independent of the mean thermal photon
number of initial thermal state seed. Furthermore, we
firstly demonstrate γtc is the same for arbitrary pure or
mixed nonclassical optical fields with zero population in
vacuum state, and is given by γtc = ln(
2+2n
1+2n ), where n is
the mean thermal photon number of the thermal channel.
Let us first briefly recall the definition of the sin-
gle photon-added thermal states (SPATSs) [15]. The
SPATSs are defined by
ρˆ =
1
n¯(n¯+ 1)
∞∑
l=0
n¯l
(1 + n¯)l
l|l〉〈l|, (1)
where |l〉 is the Fock state and n¯ is the mean photon num-
ber of the thermal state seed. When the SPATS evolves
in the thermal channel, the evolution of the density ma-
trix can be described by [20]
dρˆ
dt
=
γ(n+ 1)
2
(2aρˆa† − a†aρˆ− ρˆa†a)
+
γn
2
(2a†ρˆa− aa†ρˆ− ρˆaa†), (2)
where γ represents dissipative coefficient and n denotes
the mean thermal photon number of the thermal channel.
a† (a) is the creation operator (annihilation operator) of
the optical mode. When n = 0, the Eq.(2) reduces to the
master equation describing the photon-loss channel.
For an optical field in the state ρˆ, its Wigner function,
the Fourier transformation of characteristics function [21]
of the state ρˆ can be derived by [22, 23]
W (β) =
2
pi
Tr[(Oˆe − Oˆo)Dˆ(β)ρˆDˆ†(β)], (3)
where Oˆe ≡
∑∞
k=0 |2k〉〈2k| and Oˆo ≡
∑∞
k=0 |2k+1〉〈2k+
1| are the even and odd parity operators respectively.
In the thermal channel described by the master Eq.(2),
2the time evolution Wigner function satisfies the following
Fokker-Planck equation [24]
∂
∂t
W (q, p, t) =
γ
2
(
∂
∂q
q +
∂
∂p
p)W (q, p, t)
+
γ(2n+ 1)
8
(
∂2
∂q2
+
∂2
∂p2
)W (q, p, t).(4)
where q and p represent the real part and imaginary part
of β, respectively. The time evolution Wigner function
can be derived as following:
W (q, p, γt) = exp(γt)
∫ ∞
−∞
∫ ∞
−∞
WT (x, y)
·W (q −
√
1− e−γtx√
e−γt
,
p−√1− e−γty√
e−γt
, 0)dxdy
(5)
where
WT (x, y) =
2
pi(1 + 2n)
exp(−2(x
2 + y2)
1 + 2n
) (6)
is the Wigner function of the thermal state with mean
photon number n. Substituting the initial Wigner func-
tion of the SPATS [15]
WS(q, p, 0) =
2
pi
(
4(1 + n¯)(q2 + p2)
(1 + 2n¯)3
− 1
(1 + 2n¯)2
)e−
2
1+2n¯ (q
2+p2)
(7)
into the Eq.(5), it is easy to obtain the corresponding
time evolution Wigner function as follows:
WS(q, p, γt) =
κ+ 8(1 + n¯)eγt(q2 + p2)
piξ3
e
ζ−2eγt(q2+p2)
ξ ,
ξ = 2(n¯− n) + (1 + 2n)eγt,
ζ = 2(n¯− n)γt+ (1 + 2n)γteγt,
κ = −8(n¯− n)(1 + n) + 2(1 + 2n)2e2γt
+4[n¯(1 + 2n)− (1 + 2n)2]eγt. (8)
In Fig.1, the Wigner function of the SPATS with n¯ =
1 in the thermal channel with n = 0.5 is plotted for
three different values of decay time. It is shown that the
phase space Wigner distribution of the SPATS exhibits
partial negativity around the origin, and the region of
the negative part in phase space is a circle. The absolute
value of negative minimum of the Wigner distribution
decreases as γt increases, and the thermal noise causes
the disappearance of the partial negativity of the Wigner
function if the decay time exceeds a threshold value. The
ringlike wings in the distribution gradually disappear and
the distribution becomes more and more similar to the
Gaussian typical of a thermal state.
Recently, the volume PNW of the negative part of
Wigner distribution function has been suggested as a
good choice for quantifying the nonclassicality [25, 26,
27, 28, 29]. PNW is defined by
PNW = |
∫
Ω
W (q, p)dqdp|, (9)
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FIG. 1: The Wigner functions of the SPATS with n¯ = 1 in
thermal channel with n = 0.5 are depicted for three different
values of decay time γt.
where Ω is the negative Wigner distribution region. In
Ref.[28], we have investigated PNW of photon-added co-
herent states in the photon-loss channel. It was shown
that PNW and entanglement potential defined in Ref.[30]
exhibit the consistent behaviors in short decay time.
Now, we bring our attention to the influence of ther-
mal noise on the nonclassicality of the quantum excita-
tion of classical non-coherent optical thermal fields by
calculating PNW . Substituting the time evolving Wigner
function in Eq.(8) into Eq.(9), we could obtain
PNW = −
[ κ2ξ + 2(1 + n¯)(1− e
κ
4(1+n¯)ξ )]e−γteζ/ξ
ξ
(10)
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FIG. 2: The volume of partial negativity of the evolving
Wigner function of the SPATSs with different values of n¯ in
the thermal channels with two different values of mean ther-
mal photon number (a) n = 0.5; (b) n = 0 is plotted as the
function of decay time γt. (Solid line) n¯ = 0; (Dash line)
n¯ = 3
7
; (Dot line) n¯ = 1.
for γt ≤ γtc = ln 2+2n1+2n . In Fig.2, PNW of SPATSs with
different values of the parameter n¯ is plotted as the func-
tion of γt for two different values of the mean thermal
photon number n of the thermal channel. It is shown that
the thermal noise deteriorates the partial negativity, and
PNW monotonically decreases with the decay time. The
more intense the thermal noise, the more rapidly PNW
decreases, which implies that the nonclassicality of the
optical fields are very fragile against the thermal noise.
The above results also indicate that PNW becomes zero
at a threshold decay time γtc which only depends on the
value of n but not n¯. For the case of the SPATSs in
thermal channel, the threshold decay time is
γtc = ln(
2 + 2n
1 + 2n
), (11)
Previous studies have indicated that the volume of neg-
ative part of Wigner function of single photon-added co-
herent states (SPACSs) in photon-loss channel or thermal
channel decreases with the decay time, and its thresh-
old decay time concerning the complete vanish of partial
negativity of Wigner function does not depend on the
seed intensity [28, 29]. In Ref.[29], we have presented a
relation between the mean photon number n of the ther-
mal channel and the threshold decay time γtc(n) beyond
which their Wigner function become positive. For ar-
bitrary nonclassical optical fields which have the partial
negative Wigner distribution function, there exists a re-
lation between the mean photon number n of the thermal
channel and the threshold decay time γtc(n) [29],
γtc(n) = ln
eγtc(0) + 2n
1 + 2n
, (12)
where γtc(0) is the threshold decay time in the photon
loss channel.
The similarity between the amplitude-independence of
the threshold decay time γtc corresponding to the dis-
appearance of partial negativity of the Wigner function
of SPACSs and SPATSs in the thermal channel implies
there may exist a universal relation about γtc for ar-
bitrary single quantum excitation of classical gaussian
states. Here, we demonstrate that all of the nonclassi-
cal states whose density operators ρ satisfy 〈0|ρ|0〉 = 0,
where |0〉 is the vacuum sate, completely loss the nega-
tivity of their Wigner functions at the threshold decay
time γt = ln 2+2n1+2n . The strict proof will be presented
elsewhere. Here, we briefly outline the proof procedures.
Firstly, considering the case of photon-loss channel, i.e.
n = 0. In this situation, based on Eq.(5), for arbitrary
initial nonclassical pure or mixed states whose vacuum
state population is zero, we can derive
W (q, p, γt)|γt=ln 2 ≥ 0 (13)
for any values of q and p, and
W (0, 0, γt)|γt=ln2 = c〈0|ρ|0〉 = 0 (14)
where c is a constant. Eqs.(13-14) imply that the thresh-
old decay time γtc(0) in Eq.(12) is ln 2 for these states.
Substituting it into Eq.(12), we can complete this proof.
In the derivation of Eq.(13), we have used the relation
between the Wigner distribution function and the Q
function. The Q function gives the probability distri-
bution for finding the coherent state |α〉 in the state ρˆ
since Q(q, p) = 1pi 〈α|ρˆ|α〉, where α = q + ip. The Q
function is always non-negative. The Q function is a
particular case of a class of non-negative quantum dis-
tribution functions, the Husimi functions, obtained by
smoothing the Wigner distribution function with a min-
imum uncertainty squeezed Gaussian function [31]. The
Q function can be obtained when the Wigner function is
smoothed by a coherent state wave packet. From Eq.(5),
we can find, for any quantum fields with initial state
ρˆ0 in photon loss channel, their time evolution Wigner
functions at decay time γt = ln 2 can be rewritten as
W (q, p, ln 2) ∝ 〈√2α|ρˆ0|
√
2α〉 ≡ piQ0(
√
2q,
√
2p). There-
fore, we have the Eq.(13) by referencing the characteris-
tics of the Q function.
In summary, we have investigated the nonclassicality
of single photon excitation of thermal optical field in the
thermal channel by exploring the partial negativity of
the Wigner function. The total volume of the negative
part defined by the absolute value of the integral of the
Wigner function over the negative distribution region is
analytically calculated. For the case of SPATSs in ther-
mal channel, the exact threshold value of the decay time
4beyond which the evolving Wigner function becomes pos-
itive is given as γtc = ln(
2+2n
1+2n ), which is the same as the
one in the case of single quantum excitation of the clas-
sical coherent field.
For all of the nonclassical states whose density opera-
tors ρ satisfy 〈0|ρ|0〉 = 0, where |0〉 is the vacuum sate,
it is demonstrated that the threshold decay times are
the same and given by γtc = ln(
2+2n
1+2n ). These results
clearly imply Wigner distributions of any photon-added
thermal states are partial negative before the threshold
decay time γtc even if their initial thermal state seeds
are macroscopic with arbitrary large n¯ but finite. Obvi-
ously, any photon-added classical gaussian states includ-
ing photon-added thermal states, photon-added coherent
states, and photon-added displaced thermal states belong
to the class of states satisfying 〈0|ρ|0〉 = 0. Therefore,
the above conclusions can be generalized to: In thermal
channel with mean thermal photon number n, all non-
classical pure or mixed states ρ with zero population in
vacuum state have partial negative Wigner distribution
before the threshold decay time γtc = ln
2+2n
1+2n if Tr(ρa
†a)
is finite.
The above results can be regarded as benchmark to
investigate the robustness of other indicators of nonclas-
sicality such as squeezing, antibunch, and entanglement
potential of nonclassical optical fields in thermal chan-
nel if compared with the partial negative Wigner distri-
bution. Recently, the physical realization of controlled
phase gate based on the single-photon-added coherent
states has also been proposed [29]. Our studies in this
report may find some applications in these quantum in-
formation processes in which photon-added states are in-
volved.
[1] D. Bouwmeester, A. Ekert, A. Zeilinger, The Physics of
Quantum Information, (Berlin: Springer) (2000).
[2] H.J. Kimble, M. Dagenais, L. Mandel, Phys. Rev. Lett.
39, 691 (1977).
[3] R. Short, L. Mandel, Phys. Rev. Lett. 51, 384 (1983).
[4] V.V. Dodonov, J. Opt. B: Quantum Semiclass. Opt. 4,
R1 (2002).
[5] M. Hillery, R.F. O’Connell, M.O. Scully, and E.P.
Wigner, Phys. Rep. 106, 121 (1984).
[6] K. Vogel and H. Risken, Phys. Rev. A 40, 2847 (1989).
[7] T.D. Smithey, M. Beck, M.G. Raymer and A. Faridani,
Phys. Rev. Lett. 70, 1244 (1993).
[8] D.-G. Welsch, W. Vogel and T. Opartny´, Prog. Opt. 39,
63 (1999).
[9] A. I. Lvovsky, H. Hansen, T. Aichele, O. Benson, J.
Mlynek, and S. Schiller, Phys. Rev. Lett. 87, 050402
(2001).
[10] A. Zavatta, S. Viciani, and M. Bellini, Phys. Rev. A 70,
053821 (2004).
[11] A. Zavatta, S. Viciani, and M. Bellini, Science 306, 660
(2004).
[12] A. Zavatta, S. Viciani, and M. Bellini, Phys. Rev. A 72,
023820 (2005).
[13] M.S. Kim, E. Park, P.L. Knight, H. Jeong, Phys. Rev. A
71, 043805 (2005).
[14] A. I. Lvovsky and J. H. Shapiro, Phys. Rev. A 65, 033830
(2002).
[15] G.S. Agarwal, K. Tara, Phys. Rev. A 46, 485 (1992).
[16] A. Zavatta, V. Parigi, and M. Bellini, Phys. Rev. A 75,
052106 (2007).
[17] G.N. Jones, J. Haight, C.T. Lee, Quantum Semiclass.
Opt. 9, 411-418 (1997).
[18] A.R. Usha Devi, R. Prabhu, and M.S. Uma, Eur. Phys.
J. D 40, 133 (2006).
[19] V. Parigi, A. Zavatta, M. Kim, M. Bellini, Science 317,
1890 (2007).
[20] C. Gardiner and P. Zoller, Quantum Noise (Berlin:
Springer)(2000).
[21] S.M. Barnett and P.L. Knight, J. Mod. Opt. 34, 841
(1987).
[22] H. Moya-Cessa and P.L. Knight, Phys. Rev. A 48, 2479
(1993).
[23] B.-G. Englert, N. Sterpi, and H. Walther, Opt. Commun.
100, 526 (1993).
[24] H.J. Carmichael, Statistical Methods in Quantum Op-
tics 1: Master Equations and Fokker-Planck Equations
(Springer-Verlag) (1999).
[25] M.G. Benedict and A. Czirjak, Phys. Rev. A 60, 4034
(1999).
[26] V.V. Dodonov and M.A. Andreata, Phys. Lett. A 310,
101 (2003).
[27] A. Kenfack and K. Zyczkowski, J. Opt. B: Quantum
Semiclass. Opt. 6, 396 (2004).
[28] S.-B. Li, X.-B. Zou and G.-C. Guo, Phys. Rev. A 75,
045801 (2007).
[29] S.-B. Li, J. Liu, X.-B. Zou, and G.-C. Guo, J. Opt. Soc.
Am. B 25, 54 (2008).
[30] J.K. Asbo´th, J. Calsamiglia, and H. Ritsch, Phys. Rev.
Lett. 94, 173602 (2005).
[31] D. Dragoman, Prog. in Optics 43, 433 (2002).
